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We analyze the equation of state of 2+1 flavor lattice QCD at zero baryon density by constructing the simple
quark-hadron hybrid model that has both quark and hadron components simultaneously. We calculate hadron
and quark contribution separately and parameterizing those to match with LQCD data. Lattice data on the equa-
tion of state are decomposed into hadron and quark components by using the model. The transition temperature
is defined by the temperature at which the hadron component is equal to the quark one in the equation of state.
The transition temperature thus obtained is about 215 MeV and somewhat higher than the chiral and the de-
confinement pseudocritical temperatures defined by the temperature at which the susceptibility or the absolute
value of the derivative of the order parameter with respect to temperature becomes maximum.
PACS numbers: 11.30.Rd, 12.40.-y
I. INTRODUCTION
Lattice QCD (LQCD) has been clarifying properties of the
quark-hadron transition at zero quark number chemical po-
tential. Two order parameters, the chiral condensate and the
Polyakov loop, are commonly used to study the transition. As
for the current quark mass m, in the limit m→ 0, chiral sym-
metry is exact and the chiral condensate is an order parameter
of the spontaneous chiral symmetry breaking. Meanwhile, in
the limit m → ∞, Z3 symmetry is exact and the Polyakov
loop defined by
Φ(x) =
1
Nc
TrcP exp
[
i
∫ 1/T
0
dτA4(τ,x)
]
, (1)
is an order parameter of the spontaneous Z3 symmetry break-
ing, where P and A4(= iA0) are the path ordering operator
and the temporal component of gluon field, respectively, and
the trace is taken for the color indices. Dynamical quark with
finite m breaks the Z3 symmetry explicitly. In the real world
with light quarks, the chiral condensate is an approximate but
good order parameter of the chiral transition, but it is not clear
that the Polyakov-loop is a good approximate order parame-
ter of the confinement-deconfinement transition. For this rea-
son, in this paper, the transition defined by the Polyakov loop
is called ”Z3 transition” in order to distinguish this transition
from the so-called confinement-deconfinement transition. The
relation between the chiral restoration and the Z3 transitions
is still unclear. LQCD simulations with two-flavor dynami-
cal quarks indicate that the two transitions take place almost
simultaneously at zero baryon density. However, in the case
of 2+1 flavor dynamical quarks, LQCD simulations show that
the chiral transition (pseudocritical) temperature TC,Lc is con-
siderably lower than the Z3 transition (pseudocritical) tem-
perature TZ3,Lc [1]. It was been argued that nonanalyticity of
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a certain order parameter propagate to the other one [2, 3].
Hence several quantities have nonanalyticity at a common
temperature. However, at zero density, both the Z3 and chi-
ral transitions are crossover [4], and hence the order param-
eters of these transitions are analytic. Therefore, for each
of these transitions, the transition temperature is commonly
defined by the temperature at which the susceptibility or the
absolute value of the derivative of order parameters becomes
maximum. There is no necessity that the two transitions take
place at a common temperature, but strong correlations be-
tween the two transitions were seen particularly in two-flavor
LQCD simulations. There were several trails to reproduce
the correlations. For example, in the Polyakov-loop extended
Nambu-Jona-Lasinio (PNJL) type models, these transitions
are correlated [5–13]. However, the original PNJL model
predicts a rather higher critical temperature for chiral transi-
tion than for Z3 transition, if we set the model parameters so
as to reproduce LQCD data on the Z3 transition temperature.
In the entanglement PNJL (EPNJL) model [14–16] and non-
local PNJL model [17], there is a strong correlation between
the two transitions. The two models are successful in repro-
ducing the two-flavor LQCD data in which the two transitions
take place almost simultaneously. However, it is very difficult
for the PNJL-type models to reproduce the 2+1 flavor LQCD
data in which the chiral transition temperature is considerably
lower than that of the Z3 transition. On the other hand, it
is known that, at low temperature, the hadron resonance gas
(HRG) model well accounts for LQCD data on the equation
of state (EOS) and the baryon number susceptibility [18–20].
It is also reported that, below the transition temperature, the
decrease of the absolute value of chiral condensate is well de-
scribed by HRG+chiral perturbation theory (χPT) [21]. Re-
cently it was shown that the HRG model can also reproduce
LQCD data on temperature dependence of the Polyakov-loop
itself [22]. These results indicate that the effects of hadrons
may be important in QCD phase transition, although these are
not included in the simple effective model which treats the
quark degrees of freedom only.
In this paper, we define the hadron-quark (confinement-
deconfinement) transition temperature in the view of the ratio
of quark and hadron contributions by using the simple hybrid
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2model that has the mixture of quark and hadron matters, and
separates the EOS into the quark and hadron components to
see hadron effects on the transition. Our simple model can
reproduce the 2+1 flavor lattice simulation data successfully.
We also define the transition temperature of the transition
by using the ratio of two phases. The temperature obtained
from LQCD data on the EOS is about 215 MeV and is some-
what higher than the transition temperatures of chiral and Z3
crossovers; here note that for each of chiral and Z3 crossovers
the transition temperature is usually defined by the tempera-
ture at which the susceptibility or the absolute value of the
derivative of the order parameter with respect to temperature
becomes maximum.
This paper as organized as follows. In Sec. II, we review
the hadron resonance gas (HRG) model and also explain our
quark-phase model with the Polyakov-loop. Then, we for-
mulate the quark-hadron hybrid model which is used in this
paper. Numerical results are shown in Sec III. Section IV is
devoted to summary .
II. MODEL
A. Hadron resonance gas model
For pure hadronic matter, we use the HRG model. In the
HRG model, the thermodynamic potential density of the sys-
tem is given by the sum of free gas of hadron resonances. It is
divided into two parts, namely, the baryonic and the mesonic
parts.
ΩH = ΩB + ΩM. (2)
The baryonic part ΩB and the mesonic part ΩM are given by
ΩB = −
∑
i∈Baryon
dB,iT
∫
d3p
(2pi)3
{
log(1 + e−(EB,i−µB,i)/T )
+ log(1 + e−(EB,i+µB,i)/T )
}
;
EB,i =
√
p2 +mB,i2, (3)
and
ΩM =
∑
j∈Meson
dM,jT
∫
d3p
(2pi)3
{
log(1− e−(EM,j−µM,j)/T )
+ log(1− e−(EM,j+µM,j)/T )};
EM,j =
√
p2 +mM,j2, (4)
wheremB,i (mM,j) and µB,i (µM,j) is the mass and the chem-
ical potential of the i-th baryon (j-th meson) , respectively.
The sums in Eq. (3) and (4) include all known baryons and
mesons up to 2.5 GeV mass composed of u, d, s quarks, as
listed in the latest edition of the Particle Data Book [23].
From the thermodynamic potential density, we obtain the
pressure P and the entropy density s as follows.
PH = PB + PM; PB = −ΩB, PM = −ΩM, (5)
sH = sB + sM; sB =
∂PB
∂T
, sM =
∂PM
∂T
. (6)
As mentioned in §1, the HRG model can reproduce LQCD
data well at low-temperature. In Ref. [24], the QCD equa-
tion of state was constructed by matching the low-temperature
results of the HRG model with high temperature results of
perturbative QCD (pQCD) at some intermediate temperature.
Since we are interested in the relation between T dependence
of the Polyakov-loop and that of the deconfinement transition,
for quark phase we do not use pQCD but an alternative model,
as is described in the next subsection.
B. Quark matter
In this paper, as a model of pure quark matter, we use the
quark model in which the current quark interacts with gluon
field by gauge coupling. We neglect the spatial parts of gluon
field and treat its temporal partA0 as a stationary and uniform
background field. We also use the gauge fixing in which A0 is
diagonal. Furthermore, instead of pure gluonic action, we use
the effective potential of the Polyakov-loop. The Lagrangian
density of this model is given by
LQ =
∑
f
{q¯f (iγµDµ −mf )qf} − U(T,Φ, Φ¯), (7)
where Dµ = ∂µ − igAaµ λa2 with the Gell-Mann matrix λa is
the covariant derivative and reduces to
∂µ − ig
(
A30
λ3
2
+A80
λ8
2
)
δµ,0 (8)
in our approximation mentioned above. We also empha-
size that we do not include any condensate term in the
Lagrangian (7). As is shown in the next section, in the
hadron resonances gas model, the chiral condensate is de-
creased rapidly by the hadron effects only and vanishes at
T ∼ 170MeV below which the hadron phase dominate the
EOS. Therefore, we do not include the chiral condensate term
in quark matter. We do not include the other condensates,
since the other condensates vanish at µB = µI = 0.
The Polyakov-loop potential is given by
U(T,Φ, Φ¯)
T 4
= −a(T )
2
ΦΦ¯
+b(T ) log{1− 6ΦΦ¯ + 4(Φ3 + Φ¯3)− 3(ΦΦ¯)2}; (9)
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
, (10)
b(T ) = b3
(
T0
T
)3
, (11)
where a0, a1, a2, b3 and T0 are the constant parameters. The
PNJL model is expected to reduce to this model at high tem-
perature region where the quark-quark direct interactions van-
ishes. Hence, we use the same parameter set a0, a1, a2, b3 and
T0 as in the PNJL model. The values of these parameters [10]
are summarized in Talbe I.
3a0 a1 a2 b3 T0
3.51 -2.47 15.2 -1.75 270[MeV]
TABLE I: Parameters of Polyakov-loop potential.
Using the Lagrangian (7), we obtain the thermodynamic
potential density of the quark phase.
ΩQ = U(T,Φ, Φ¯)− 2
∑
f=u,d,s
∫
|p|≤Λ
d3p
(2pi)3
3Ef
−2
∑
f=u,d,s
∫
|p|≤ΛT
d3p
(2pi)3
(T log z+f + T log z
−
f ),
(12)
where
z+f = 1 + 3Φ¯e
−(Ef+µf )/T + 3Φe−2(Ef+µf )/T
+e−3(Ef+µf )/T , (13)
z−f = 1 + 3Φe
−(Ef−µf )/T + 3Φ¯e−2(Ef−µf )/T
+e−3(Ef−µf )/T ; (14)
Ef =
√
p2 +m2f , (15)
with the current quark mass mf of the f flavor quark. In
Eq. (12), ΛT is the phenomenological cutoff of thermal ex-
citation term in ΩQ and determined to reproduce the entropy
density at T = 300MeV obtained by LQCD simulations. The
obtained value is ΛT = 1.95GeV. In Fig. 1, we show the
entropy densities calculated by using our quark-phase models
with ΛT = 1.95GeV and ΛT = ∞, respectively. The model
with ΛT = 1.95GeV reproduces LQCD data [25] well at high
temperature, while the model with ΛT = ∞ overshoots the
LQCD data. Therefore, the cutoff is necessary in our model.
We emphasize that ΛT is another parameter that is being used
as a cutoff to match with LQCD data. If the ideal free gas is
considered, the thermal distribution function will give a nat-
ural cutoff in the thermal contribution of the thermodynami-
cal potential density, and therefore ΛT will go infinity in that
limit. Our quark-phase model is not an ideal-gas model but
an effective model with the phenomenological parameter ΛT
that is introduced to fit LQCD data. There is also a cutoff Λ in
the second term (vacuum contribution term) in the right-hand-
side of Eq. (12). However, in our model, this term becomes
constant and consequently is not relevant in our analyses on
only temperature and chemical potential dependences of the
physical quantities. Below, we omit this vacuum term in our
analyses; hence we do not determine Λ.
From the thermodynamic potential density, we obtain the
pressure PQ and the entropy density sQ as follows.
PQ = −ΩQ, (16)
sQ =
∂PQ
∂T
. (17)
In this subsection, we use the flavor-dependent quark num-
ber chemical potential µf (f = u, d, s) [26, 27] just for
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Fig. 1: T -dependence of the entropy density at µB = µI = 0.
The results were obtained by using the quark-phase model with
ΛT =1.95GeV and ∞, respectively. LQCD date are taken from
Ref. [25].
simplicity. In literatures of LQCD calculations, the baryonic
chemical potential µB, the isospin chemical potential µI and
the strangeness chemical potential µS are often used. The re-
lation of these quantities is
µu =
1
3
µB +
1
2
µI, µd =
1
3
µB − 1
2
µI, µs =
1
3
µB − µS.
(18)
Below, we use µB and µI instead of µf by setting µS = 0.
C. Quark-hadron hybrid model
In our calculation, we use the quark-hadron hybrid
model [28] which is composed of quark and hadronic mat-
ter. In the model, the total entropy density of the system is
given by
s(T, µ2B, µ
2
I ) = (1− fH(T, µ2B, µ2I ))sQ(T, µ2B, µ2I )
+fH(T, µ
2
B, µ
2
I )sH(T, µ
2
B, µ
2
I ), (19)
where fH(T, µ2B, µ
2
I ) is the hadron volume fraction func-
tion. The system is pure hadronic matter (quark matter) when
fH(T, µ
2
B, µ
2
I ) = 1 (0). Using the total entropy density s,
pressure is obtained as
P (T, µ2B, µ
2
I )− P (0, µ2B, µ2I )
=
∫ T
0
dT ′s(T ′, µ2B, µ
2
I )
= [PQ]
T
0 −
∫ T
0
dT ′fH(T ′, µ2B, µ
2
I )sQ(T
′, µ2B, µ
2
I )
+
∫ T
0
dT ′fH(T ′, µ2B, µ
2
I )sH(T
′, µ2B, µ
2
I ). (20)
Using P , the baryon number susceptibility is defined as the
second derivative of P with respect to the baryonic chemical
4potential µB.
χB(T, µ
2
B, µ
2
I )− χB(0, µ2B, µ2I )
=
∂2
∂µ2B
(P (T, µ2B, µ
2
I )− P (0, µ2B, µ2I ))
= [χQB ]
T
0 +
∫ T
0
dT ′{∂
2fH
∂µ2B
(sH − sQ)
+2
∂fH
∂µB
∂(sH − sQ)
∂µB
+ fH
∂2(sH − sQ)
∂µ2B
}. (21)
In particular at µB = 0, one obtain
χB(T )− χB(0)
= [χQB ]
T
0 +
∫ T
0
dT ′{2∂fH
∂νB
(sH − sQ) + fH ∂
2(sH − sQ)
∂µ2B
}
= [χQB ]
T
0 −
∫ T
0
dT ′
{
2
∂fH
∂νB
sQ + fH
∂2sQ
∂µ2B
}
+
∫ T
0
dT ′
{
2
∂fH
∂νB
sH + fH
∂2sH
∂µ2B
}
, (22)
where νB ≡ µ2B. Similarly, the isospin number susceptibility
is given by the following equation.
χI(T, µ
2
B, µ
2
I )− χI(0, µ2B, µ2I )
=
∂2
∂µ2I
(P (T, µ2B, µ
2
I )− P (0, µ2B, µ2I ))
= [χQI ]
T
0 +
∫ T
0
dT ′{∂
2fH
∂µ2I
(sH − sQ)
+2
∂fH
∂µI
∂(sH − sQ)
∂µI
+ fH
∂2(sH − sQ)
∂µ2I
}. (23)
At µI = 0,
χI(T )− χI(0)
= [χQI ]
T
0 −
∫ T
0
dT ′
{
2
∂fH
∂νI
sQ + fH
∂2sQ
∂µ2I
}
+
∫ T
0
dT ′
{
2
∂fH
∂νI
sH + fH
∂2sH
∂µ2I
}
, (24)
where νI = µI2.
We also calculate the T -dependence of the chiral conden-
sate σf of f flavor quark by using the following equation.
σf (T, µ
2
B, µ
2
I )− σf (0, µ2B, µ2I )
=
∂Ω
∂mf
(T, µ2B, µ
2
I )−
∂Ω
∂mf
(0, µ2B, µ
2
I )
= − ∂
∂mf
∫ T
0
dT ′ [(1− fH)sQ + fHsH]
= [σQf ]
T
0 +
∫ T
0
dT ′
[
fH
(
∂σHf
∂T ′
− ∂σ
Q
f
∂T ′
)]
, (25)
where we use ∂s∂m = − ∂∂m ∂Ω∂T = − ∂∂T ∂Ω∂m = − ∂σ∂T . In
Eq. (25),
σHf =
∂ΩH
∂mf
=
∑
i∈Baryon
∂MB,i
∂mf
∂ΩH
∂MB,i
+
∑
j∈Meson
∂MM,j
∂mf
∂ΩH
∂MM,j
,
(26)
where
∂MB,i
∂mf
= CB,if , (27)
∂MM,j
∂mf
= CM,jf . (28)
The coefficients CB,if and C
M,j
f are the constants decided by
the number of f quark included in the hadron MB,i and MM,j
which are not the octet Nambu-Goldstone (NG) bosons. For
example, in the case of proton composed of two u quarks and
one d quark, Cpu = 2, C
p
d = 1 and C
p
s = 0. For the octet NG
bosons, pi, K and η, the Gell-Mann-Oakes-Renner (GMOR)
relation [29] is used to determine CM,jf .
Using σf renormalized chiral condensate is given by
∆l,s(T, µ
2
B, µ
2
I ) ≡
σl(T, µ
2
B, µ
2
I )− (mlms )σs(T, µ2B, µ2I )
σl(0, µ2B, µ
2
I )− (mlms )σs(0, µ2B, µ2I )
,
(29)
where ml = mu+md2 is the average value of current quark
mass of light quarks. Hereafter, we put mu = md = ml.
Using a quantity
Σf (T ) ≡ − ∂
∂mf
∫ T
0
dT ′ [(1− fH)sQ + fHsH]
= σf (T )− σf (0), (30)
Eq. (29) is rewritten as
∆l,s(T ) = 1 +
Σl(T )− (mlms )Σs(T )
σl(0)− (mlms )σs(0)
, (31)
where σl(0), σs(0) is derived by GMOR relation for pi andK.
III. NUMERICAL RESULTS
In this section, we determine the hadron volume fraction
function fH to reproduce the 2+1 flavor LQCD data on the
entropy density, the baryon number and the isospin number
susceptibilities. Using the fH thus determined, we examine
how our hybrid model reproduces the other thermodynamical
quantities of LQCD. We use LQCD data of Refs. [18, 25, 30],
since the data are available for all thermodynamical quantities
needed for our analyses and a lot of numerical data are pub-
lished in addition to the graphical ones. Although more recent
data [19] were presented by the same group, we found the data
are too limited to perform the present analysis. Hence we did
not use the latest data in the present analyses. There are also
the 2+1+1 LQCD data [31] by the same group. Analyses of
these new data are interesting future works.
5A. Entropy density and hadron volume fraction function
In Fig. 2, we show the entropy density s of the quark-hadron
hybrid model. The hadron volume fraction function fH at
µB = µI = 0 is determined to reproduce the LQCD data
of s [25]. Here, the temperature dependence of it is shown in
Fig. 3. The explicit form of fH is given by following equation.
fH(T, 0, 0) =
1
2
{
1 + tanh ((b− T )e( cT )d/a)
}
, (32)
where the parameters are tabulated in Table II. One may try to
fit fH(T, 0, 0) by a simpler function
fH(T, 0, 0) =
1
2
{1 + tanh ((b− T )/a} . (33)
However, Eq. (33) gives the nontrivial antisymmetric relation
fH(b − ∆T, 0, 0) − 1/2 = −(fH(b + ∆T, 0, 0) − 1/2) that
LQCD data dose not have correctly. Hence, we add the addi-
tional factor e(
c
T )
d
that breaks the antisymmetric relation.
a b c d
27.0326[MeV] 205.458[MeV] 174.154[MeV] 17
TABLE II: Parameters of fH.
In Fig. 2, the entropy density is divided into hadron and
quark parts. The critical temperature T (s)c of the quark-hadron
transition is defined as the temperature at the crosspoint of the
quark and hadron parts. The value is T (s)c = 215MeV.
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lattice
Fig. 2: T -dependence of the entropy density at µB = µI = 0. The
LQCD date is taken from Ref. [25]. We show sHfH (sQ(1 − fH))
as a hadron (quark) contribution. These quantities do not diverge at
high temperature.
B. Pressure
Figure 4 shows T -dependence of the total pressure P at
µB = µI = 0. The hybrid model reproduces the pressure
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 100  120  140  160  180  200  220  240  260  280  300
f H
T[MeV]
fH
Fig. 3: T -dependence of the fH at µB = µI = 0.
obtained by LQCD simulation [25] and is possible to be di-
vided into the contributions of hadron and quark parts. In
the context of two phase model of quark-hadron phase tran-
sition [32], the transition temperature is defined as the tem-
perature where the pressure of quark phase is equal to that of
the hadron phase. When we adopt the same definition of tran-
sition temperature, namely, PQ = PH, in our model, we ob-
tained T (P )c = 249MeV which is somewhat larger than T
(s)
c .
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Fig. 4: T -dependence of the pressure at µB = µI = 0. We put
P = 0 at T = µB = µI = 0. The LQCD date is taken from
Ref. [25]. We show the third (first + second) term in the right-hand-
side of Eq. (20), as a hadron (quark) contribution. These quantities
do not diverge at high temperature.
C. Interaction measure
In Fig. 5, we show interaction measure (trace anomaly) at
µB = µI = 0. Again, our simple hybrid model can repro-
duce the LQCD data very well [25]. The interaction measure
has a maximum around T = T Int,Lmax = 200MeV. It is interest-
ing that T (s)c is closer to T Int,Lmax rather than T
C,L
c and T
Z3,L
c .
Furthermore, the temperature T fH1/2 where fH is equal to 1/2
6coincides almost with T Int,Lmax .
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Fig. 5: T -dependence of the interaction measure at µB = µI = 0.
The LQCD date is taken from Ref. [25].
D. Baryon and isospin number susceptibilities
At µB = µI = 0, we determine the derivatives ∂fH∂νB and
∂fH
∂νI
in Eqs. (22) and (24) to reproduce the baryon and isospin
susceptibilities in LQCD simulations [30]. We assume the
explicit form of ∂fH∂νB and
∂fH
∂νI
as
∂fH
∂νB
(T, 0, 0) = aB exp
[
−
(
T − bB
cB
)2 ]
, (34)
∂fH
∂νI
(T, 0, 0) = aI exp
[
−
(
T − bI
cI
)2 ]
, (35)
and search a parameter set which reproduces the LQCD sim-
ulation well [30]. We found that the simple Gaussian forms
of (34) and (35) are adequate to reproduce the data. The ob-
tained parameters are tabulated in Table III and Table IV. The
obtained ∂fH∂νB and
∂fH
∂νI
are shown in Fig. 6, and the reproduced
χB and χI are shown in Figs. 7 and 8, respectively.
aB bB cB
-3.74513[MeV]−2 192[MeV] 30.6622[MeV]
TABLE III: Parameters of ∂fH
∂νB
.
aI bI cI
-5.2969[MeV]−2 181.929[MeV] 36.3811[MeV]
TABLE IV: Parameters of ∂fH
∂νI
.
E. Polyakov-loop
In Fig. 9, we show Polyakov-loop, the order parameter of
Z3 transition, at µB = µI = 0. Our model can repro-
-0.2
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-0.1
-0.05
 0
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T
2
d
f H
/d
ν B
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 T
2
d
f H
/d
ν I
T [MeV]
T
2
dfH/dνB
T
2
dfH/dνI
Fig. 6: T -dependence of ∂fH
∂νB
, ∂fH
∂νI
at µB = µI = 0.
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Fig. 7: T -dependence of the baryon number susceptibility at µB =
µI = 0. The χB is normalized by its Stefan Boltzmann (SB) limit.
The LQCD date is taken from Ref. [30].
duce the LQCD result [18] very well up to T = 190MeV
but deviates from it at higher temperature. We define the
transition temperature TZ3c of Z3 transition as the temper-
ature where the derivative dΦdT has its maximum. The ob-
tained value TZ3c = 198MeV is somewhat larger than that
TZ3,Lc = 170± 7MeV in LQCD calculation [33], but is rather
smaller than T (s)c and T
(P )
c .
F. Chiral condensate
In Fig. 10, we show the renormalized chiral condensate, the
order parameter of chiral transition, at µB = µI = 0. At
high T , the renormalized chiral condensate becomes negative
and deviates from the one in LQCD simulation. To overcome
this difficulty, we introduce the temperature dependence of
∂MB,i
∂mf
and ∂MM,j∂mf in Eq. (26). We assume the temperature
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Fig. 8: T -dependence of the isospin number susceptibility at µB =
µI = 0. The χB is normalized by its SB limit. The LQCD date is
taken from Ref. [30].
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Fig. 9: T -dependence of the Polyakov-loop at µB = µI = 0. The
LQCD date is taken from Ref. [18].
dependence of ∂MB,i∂mf and
∂MM,j
∂mf
as follows.
∂MB,i
∂mf
= CB,if g(T ), (36)
∂MM,j
∂mf
= CM,jf g(T ), (37)
where g(T ) is the function of temperature and takes value be-
tween 0 and 1. It is expected that ∂MB,i∂mf and
∂MM,j
∂mf
go to zero
at high temperature, since hadrons disappear at high temper-
ature. The explicit form of g(T ) which we use is given by
following equation.
g(T ) =
1
2
{
1 + tanh ((bM − T )e(
cM
T )
dM
/aM)
}
. (38)
We search parameters which reproduce the LQCD result of
the normalized chiral condensate well. The obtained parame-
ters are tabulated in Table V and the T -dependence of g(T ) is
shown in Fig. 11. In Fig. 12, we also show the renormalized
chiral condensate as a function of T , when the T -dependence
of ∂MB,i∂mf and
∂MM,j
∂mf
is taken into account, as well as the
Polyakov-loop. It is difficult to calculate to chiral suscepti-
bility in our hybrid model. Hence, we calculate the derivative
of chiral condensate with respect to T and define the transition
temperature TCc where the absolute value of the derivative has
a maximum. Obtained TCc is 160MeV which is consistent
with the chiral transition temperature TC,Lc = 154 ± 6MeV
found in LQCD simulations [21, 33].
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Fig. 10: T -dependence of the chiral condensate at µB = µI = 0.The
LQCD date is taken from Ref. [18].
aM bM cM dM
66.6654[MeV] 198.644[MeV] 172.781[MeV] 4.78989
TABLE V: Parameters of g.
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Fig. 11: T -dependence of g(T ).
G. Transition temperature
The transition temperatures obtained at µB = µI = 0 are
tabulated in Table VI as well as the ones obtained in LQCD
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Fig. 12: T -dependence of the chiral condensate and Polyakov-loop
at µB = µI = 0. The result is obtained by using improved model
with T dependent ∂MB,i
∂mf
and ∂MM,j
∂mf
. The LQCD date is taken from
Ref. [18].
simulations [21, 33]. Table VI show that T (s)c is obviously
larger than TC,Lc and T
Z3,L
c .
T
(s)
c T
(P)
c T
C,L
c T
Z3,L
c
215[MeV] 249[MeV] 154±6[MeV] 170±7[MeV]
TABLE VI: The summary table of transition temperatures T (s)c from
entropy density and T (P )c from pressure in our hybrid model and chi-
ral and Z3 transition temperature TC,Lc , TZ3,Lc in LQCD calculation.
TC,Lc and TZ3,Lc is quoted by Ref. [21, 33].
H. Thermodynamical quantity at finite chemical potential
Next, we consider the µB and µI dependence of the hadron
volume fraction function fH at finite µB and µI. The Taylor
expansion of fH(T, µ2B, µ
2
I ) at µB = µI = 0 is given by
fH(T, µ
2
B, µ
2
I ) = fH(T, 0, 0) +
∂fH
∂νB
(T, 0, 0)νB
+
∂fH
∂νI
(T, 0, 0)νI + · · · . (39)
Using the approximation up to the first order of νB and νI
in the Taylor expansion (39), we can calculate the thermody-
namical quantities when νB = µ2B and/or νI = µ
2
I are finite
but not so large. For example, in Fig. 13, we show the T -
dependence of pressure P at µB = 300MeV and µI = 0.
Our simple hybrid model reproduces the result of LQCD very
well. The transition temperature T (P )c is reduced to 236MeV
at µB =300MeV. In Fig. 13, we also show the T -dependence
of the hadron volume fraction function fH at µB = 300MeV
and µI = 0. At finite density, the hadron is suppressed at
lower temperature than in the case of zero baryon density.
This reduces the transition temperature T (P )c at finite density.
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Fig. 13: T -dependence of the pressure at µB = 300MeV and µI =
0. The LQCD date is taken from Ref. [25].
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Fig. 14: T -dependence of the fH at µB = 300MeV and µI = 0.
IV. SUMMARY
In this paper, from the LQCD data, we have determined
the ratio of hadron and quark contributions of thermodynamic
quantities by using simple quark-hadron hybrid model. We
have determined the transition temperature T (s)c from the ra-
tio of hadron and quark contribution of the entropy density.
Our simple hybrid model can reproduce roughly chiral con-
densate and Polyakov-loop at the same time, but T (s)c is ob-
viously larger than chiral transition temperature TC,Lc and Z3
transition temperature TZ3,Lc in LQCD.
The difference between T (s)c and TC,Lc can be understood
as follows. In usual, it is natural that the temperature and/or
density gives an effect opposite to the vacuum for the physical
quantity. Hence, there is a tendency that the absolute value of
chiral condensate or constituent quark mass decreases as the
temperature and/or density increases, even in the theory with-
out chiral symmetry. In fact, in the relativistic mean field the-
ory of the quantum hadron dynamic without chiral symmetry,
there is a tendency that the effective nucleon mass decreases
as the density increases [34]. It is also well-known that the
QCD sum rule at finite density indicates the partial restoration
9of chiral symmetry in the normal nuclear matter [35]. Re-
cently, it was also shown [36] that, in the LQCD simulations
of the two-color QCD, the hadron effect is very important in
reducing the absolute value of chiral condensate at finite tem-
perature and finite density, when the system is in confined
phase. Hence, it can be considered that the chiral conden-
sate decreases even in the hadron phase, when the tempera-
ture increases. This makes TC,Lc lower than the confinement-
deconfinement transition temperature T (s)c .
On the other hand, a reason for the difference between
T
(s)
c and TZ3,Lc is rather unclear. However, this may indi-
cates simply that Z3-symmetry is not relevant symmetry for
the confinement-deconfinement transition at finite tempera-
ture and the Polyakov-loop is not a good order parameter for
the transition. Very recently, it was pointed out [37] that, in
the 2+1 flavor LQCD simulations, the temperature where a
static quark entropy density (which is related to the Polyakov-
loop) has a peak is close to the chiral transition temperature.
Further study is needed in this direction.
It is also interesting that T fH1/2 is close to the temperature
where the interaction measure has a maximum. The study of
the relation between the volume fraction function and the trace
anomaly may be one of the interesting problems in future.
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